An orthogonal double cover (ODC) of the complete graph K n by some graph G is a collection of n spanning subgraphs of K n , all isomorphic to G, such that any two of the subgraphs share exactly one edge and every edge of K n is contained in exactly two of the subgraphs. A necessary condition for such an ODC to exist is that G has exactly n − 1 edges. We show that for any given positive integer d, almost all caterpillars of diameter d admit an ODC of the corresponding complete graph.
Introductory notes and definitions
An orthogonal double cover (ODC) of the complete graph K n is a collection G = {G i : i = 1, 2, . . . , n} of spanning subgraphs of K n , called pages, such that the following two conditions are satisfied:
Double cover condition
Every edge of K n belongs to the edge set of exactly two pages of G.
Orthogonality condition
Any two distinct pages of G share exactly one edge.
ODCs have been investigated for more than 25 years, and there is an extensive literature on the subject. For motivations to study ODCs and an overview of results and problems in the area we refer to the survey paper [1] .
The above definition immediately implies that every page of G must have exactly n − 1 edges. If all pages of G are isomorphic to some graph G, then G is said to be an ODC of K n by G.
The problem usually studied in this context is: Given a class C of graphs, decide for which G ∈ C there is an ODC of the corresponding complete graph by G. As e(G) = n − 1 is necessary for the existence of an ODC by G, it is very natural to ask the above question for C being the class of all trees. One can easily observe that there is no ODC of K 4 by P 4 , the path of length three. For all other non-trivial trees on at most 14 vertices ODCs of the corresponding complete graphs exist [1] which supports the following conjecture.
A complete proof of the above conjecture seems to be out of reach at the moment. It trivially holds for stars, and it was shown to be true for trees of diameter three [2] (see also [4] ) and large classes of trees of diameter four (see [5] 2 Group-generated and surjective ODCs Our proof of Theorem 2 is based on the fact that caterpillars with many pendant vetices have a large automorphism group which will allow us to make use of group-generated and surjective ODSs and apply a recursive construction.
Let Γ be an additive group of order n, and assume that V (K n ) = Γ. An ODC G = {G x : x ∈ Γ} of K n by some graph G is said to be generated by Γ if
for all x ∈ Γ. For more information on group-generated ODCs we refer to Section 2.1 of [1] .
Here we shall only need the following observation:
Note that the v i s in the above theorem are not necessarily distinct.
Clearly, if G is group-generated, then the whole vertex set V (G) is surjective.
Surjective subsets will be useful for us because of the following lemma. 
Proof of Theorem 2
Our strategy is as follows: We shall use Theorem 3 to generate group-generated, and hence surjective, ODCs of K s and of K t by caterpillars S and T , respectively, of diameter d. These ODCs will then be used together with Corollary 6 to show that almost all caterpillars of diameter d admit (surjective) ODCs. For the latter, it will be essential that s and t are relatively prime. We shall make use of the following fact a proof of which is an easy exercise. )-caterpillar, respectively. of diameter d. By the choice of a, the numbers s and t are relatively prime. Furthermore, S is a subgraph of T , so we can choose Q = T in Corollary 6. As the maximum degree in T is 2t/3, Corollary 6 and Lemma 7 yield ODCs for all caterpillars of diameter d in which every spine vertex has at least st − s − t/3 neighbors of degree one.
By the choice of a, st is easily seen to be smaller than d 
